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$ un,.:l,,f,":1x,illi::,,ff[,fiI*,x,_]",:;rurelg sucrr rurcs rnr11t 
!e rvrirren i,i ir*'r.*" of.nrarrreurari-

, cal equalrons yE. Algebraic cquation, Intcgral "d;;;;.l;D-ifftren tisl eq uation elc,

.Thus 
a dyramical systctn has two int;lortant ingreciient:

li'1,- An initial stare (or initial concrition) rvhicrr speci{icsi., fronr wherc the system stafis evolving.

!i 2.. Rule(s; rvhich specifies hou, the systin is evoh,ing.

i,i'i.,fnerrfc,re we see that a clynau:ical systenr is nothing bur a

llgthqmatical nrode I which cvolvcs uncler cerrain nrle startins

$m o prescribed initial position or condition, Problenx orr

dynarnical systcm:
tr'i, Given an initial v&ltte .16, wc like to knorv horv it
,;, 

'.-yol 
es i.e. we likc to knorv its bcltavinur itt long tenrt

i ,, ' evolution.

ii:?.' What is thc orbit of xe? Whcther suclt an orbit is stablc

.,: or unstable.

ii3., Wtrat are periodic orbits'l
i*. ftow bifurcations are taking place during evolution'

lS, What are fixed poinrs. pcriodic poirtts' lin:it cycles etc'

;, ;;;;;grior tvtt*n luolu" into a chaotic svstetu and

. vile-versa?

till:*egarOing stability of fixed points'

liromple; 
"/("r) = 2x2 * 3, ro = x($) = $, l(xr) = 

.-3 -r ri ' ,,

./1-3)=15-*xr.,/'(15)=2(15)x -3 *t447 -+rx'...... ."''

{1i) C o n t in a u s D}, n ant i c a I S y s te m rcprcscn ted Uy di n'*rentiai

. tlx
cquatiorrs ': * J'V,t), lvherc tinre is involved explicitly.

Lll

{ = {.x,. r'..11......) ancl .L= (.f,.r..d. ...)

Now if r = (u,.r') and ./ = 11, g.;

'I'hcn it ftrlkrrvs ttut S =,/(r,1',/) ,nA t = B(;r,J,l)tll dl

Classificatfun' Dynamical systetn is clnssified into Linear
and non-linerr dynanriual system. lf the dynamic rule of the
systcm is proportioual to the system variatrle, then the
system is lincar. Otherrvise non-linear, To havc a bctter
cronccpl, suppose we apply a force F to produce a displace-
mcnt .\". Il'ne double the Jbrce 3F and if the displacenrent
pnrcluces is 2r, therr the systcm is linear. To have a mathe-
mntical dctinition, any operator I is called linear if:

L(att + fiv) = rxl,lu) + fi L\v) ".. (l )

Irrr r, r' e l.'(r,ectorspacu) and a, p e R.(scalars)

lf I is differential opcrator satisfying eqn. (l), then any
cquation l(rr) = 0 is called a lincar diftcrential cquation.

h a linear systenl, if iriput is periodic then output is also
pcrioclic. ln cosc of non-linenr systeo) if ir:put is harmonic,
output lnily lre hannonic, chaotic or sub-har:nonic.
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frr)r rrr"rr* Dynanticul Systent rcprusented by diff'erential
::. r :..r i

i equation as x,,,r = .f'(.u,,), .,,, - \'(0)' 
.

, Here timc is all intc.qcr virriablr:' for

,,$frrlg point ";[o . rvc obtain rrn<]el'this nrle'/'

a given initial
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FIXED POII,ITS (LA0RANGIAN OI{
EQ:JI LIB IUUh,I P0IN',t'S)

Definition l: Fur * disuete $ystelr .y,,r =./'(.1,), .q *.r{0),
or' .r.'*./'(.r). Fixcd poini* are thc solution oi' thc cquation
.r =.1'(r/.

txttu4t{e: $uppose .l'("r') - r: + j,r + 2. fixcd p*inrs are

gir,ert by "r *,.r: + 3"r' + l
::l .ft E-[+1, .t'" -*l*.i

Dr.finition l: For conril th
ruous s\stcnl 

,tt 
- l'Q,t). tlrc fircd

poitrts irrc sulrrtion ol thc eqpurio ,t !!$ *0 ar./ (r,l) * {)
rll

c1t ,/r'
I:-)turry)lt: -lI =.r'- ?.\'t - j.t " -:- ^. .r -.tt''. .r ,. 1"r..t,) l-iX*,i& ,lt
points are solutinn Ot' th{-r rtluation .1,'...1,1, r f lr ={l and

.r'--.r"1,: =0. gr "r(l*.t.t),0::).r = l) ttr t,: - l. y -11,
'I"hus lixed 1:oin{s are {0. l}. (0. * l}.

St.tbilitl' sf a Fixcd Point: A li.tcil p*int of'a rlynarnical
systsrll is saiel to hc srable il' all sulllcicrrtly snrall
p*rlurLraiiun front rt darnp out in tinrc. l.il. if a srrrall
p*fiurbation gil'en [r:r thc systcnt afier surnctinrc the systcm
relurtr.{ to in originlrl lixed plsirior:r, A srahlc lixrd point is
called an attrilctor hs(nusc all rrearly' trirjrctorics have the
tendency tt rn*vc luwards it. An uns{ahlc fixerl poirrt is
{rallcd a rc;lcllcr. Let .r'* hc .r tlxeel poiut ol-thc dyran:ric:il
iy$tenl xy- 1 

*.f (t,ot ,',r r' * f {ul.

Wc say that ( I l"ri is ;t;lhle or allraclirrg

t, I I

lrlt Ll I -,,,,.!Lr-,-il 
" 

1

I rzr l, ..1 lr,, - *nl

i. .*l
(2).r * is ur.;tlblu or rr:pcllirrp ;1 lJr*' -j, t- 

i..:' - t'i

Sck:nce atrcl Techtwlogg{or Shxping *n Fut*re af llizarrtrn

tilitvt lt at a fixc:e! poinl we rthscrvtClnrsifieafirn 0f $tah

.trt)=r.r is incrcrsirg *irl, ti** l' Wa intliaat* itby an

arrr:w rvrilicfl al$ -*r and 
'ilr 

i < $' we ulc frrltltherin$\lr

writtcn irs {*. We maku the fbll{'rvi'lg *lussificatian ut
stahility;

l. We say.a lixed paint x+ ix Lytrpunay xtttbl* it a.ll

trqlcelorteli irrrglnating fiearty it remlin suf{i*i*ntly
closc trr it,

l. Wlrcn ir l'ixell point "r* is Lyapunov stablr but nut

iltlr$cting. it is callcd n{:ulrally stablg'

3. I{'a p*int is hoth Lyapunov stable artd 4tttaclurg. it rs

call,;d stable or asytnptotic ally sufile .
4. A fixccl pr:int .r* is un$taLrle or repclling. if it is rrcithcr

I-yryuntll n(u irt(racling.

,lt
E.\urrrlrlL,: -:- = .r = "rt * "{ - f . Frxcd ptrilt{s arc:

tll

.r', 
* -: & .r,+- .1.

'l'r'acing the curvs (')1" J,*lr *r-2. Ii "t'= L!. x *? $r ^I
Also il' t = {), .r' * -l

r\s ,i = (.i * lX.r i. l).
We see that:

I lirr r )'1. .i '., {t :rnil rel)ruse,t it as -+
?. for$.i.i',ri :,.t<0 anrl repr(seotitas s*
L tbr - l <i _r *i 0, t ,: 0 irn{ rcpres$nt it ns 4*
4. lbr x { - l. .i > 0 anrl reprcs(nt it as *+

0oth.er|[e dParr
W,a${y

,*l

Sonrc Modcls of l)yrranricnl Systern
L t'ntm l'itturrtt,: l.cl us (rxl$t(lcr a r,L,posit in a B:rnk rritlrr(1"'r' 1'r ir rrrr!'rerir r.ur A* bc rtr.' i,iirni iffi,.'i'r,** rftcr *n..vulr. wc adtl lo,ri, rrl-A,r rq -\_ i" s;;';i;. tl;i,l '

Ar * An r ({t..1) A* - (l.l)A,,, A,r ttrc cnU o[rlrr, sttond

I
-" 15 ilt1
-1

Exutrrple : ,l tt1 ',,2: - 1.r'' , !lerc lixr:t.l

/'(r)=2.r*3rf

Non il' '('- = )-{rr (t} .i ' , tr.!ll I,A' ,/, 1. ,.

rr{rntri fir$ given by

yuilr, t!{i;tr.rrtlrntt llru irur 
ar}} \rts sr rls }urttrru

atl tlA, .rr r, d "-.. !!,1ttcmti*nuulgetA,,,r1,. -{t}. 1}Ar {l.l}At *{1. -.'-I'!"r'rt'rrurruu(""tr\' -

{u I td, i I r r ,r ..- ,, ,,.1"1u, 
Siruilrrly ir * A.: *,* 2 p I :,:.r.\,* ,,:, {} ir t{l,l iAr I l. t t rt"-". 1'1 1 1ir

,A,I

I:,;,,1,1;11,f':..]']::: ":.:': &tlttin& a rrrlccli$ or irr:rarron,*r tt ilyrttttttir:;rl systrt* t "-"- 
o""'tt$ ir pr(lccss of llcratlolls

rlvrr:rrrri,.:rl !r,ur..... ;_. . 
,vrttt tnitiirl valuc ,\6 mtl thc rulc irtilyrrrrttrical syrt*rn is tu 

r*rtrr; ,

n*r,i.rrr $*|yr*i., ,1,"-....:. ,ntultiply by {l'l) y(ar ro=,-nl-()rr;;r.r: prcr.ious ycar.s tlcposir i;, 
-ir,,lilr]r

,tt!F,i.r,;.-,,r -,...", -

hi*::::y ftx)*{r.r)r,
gct.
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7{on-},!ne*r, Ctw*s *tttl Sanw Modpls *! Dgnamical. Sgstefit

Ar * F {A 1l 
* F lF 1,4r,11 * y: *$}

::ffi'fiT;',1i,;{ 
It}0{}'-. rrrer: alicr 5 1"*ars.,r: .- , r}i

'1" ll vears"'{74 * 1l'l}r{'{ nl00: t r25f3.74,-
after50 years,A5g-fi.1).', r t{.}t{J _, i,rirn.*r,
ll" llfodels Jron t:)culu?r, f ,t,,r,,.,t:.,,: .
Le(us denotcn rh,, ^..^,,,.fl., !|11ealisti1: prtpukrtian mtdel):Lel us denotcs thc population of

Dyn*r.nirttl Slj s i *u *_ l" i e trr,,

As = 1: {.1,,t ,= (.1 .l ,.4ti

7):

{:^9I 1:-Ii,:n is c,rn ,;;;;:a cenain s;rccies at generatiorr

io*'":*:'t ;;';' ;;,,il.:,";,X,','i',iJ ,lliii, j:f::::..:,:" 
u*_ ,

dl,narnical *yot.u, t"ri, :1111::any 
spccies c;rn be,;;# ;' ;"' _]ill L"llJ

I i'colsla:1 inrerpretetl a-s gro*.rh or rlccay *i_ ,r,,i.te which can bcdutelnlned by ecrrtogicar .L a i,t",_r. ;ffi ,,I ;: l.rl iil l;
ft*:j::, \\c can drrtcrnine tt,* pr,putrrinn ,,r I

1ll. {ogistir ,Vodel (lltore realistic populatittrl tnoli!): ln
ca"se of rcalistic p<rpularion nrodel ** nu*. csnsider.,: the

I. Ther* is sonre ahsolutr rnaxinrum population that can
be supported by the snl,ironnrent, Ii rhr: popula(ion
reaches this number, lhen u,e have disastrou"* ou*r_
crorvdin,g. Food supply beconrcs crifically short and rhc
species irnrnediately dies out.

2. To keep the nun:ber manrgeable. u.e &ssunls lltal p,,
rcprcscnts the fraction of this lnariinrum popularion alivc
at generatiorr r .so thar 0 I 4, S l. llle n.rodcl lbr ihc
population thus e.xplaincd can bo r$presente(l by
\., = ),1r,,(l* lr,,|Hcre.i. is again a soflstant rcpr$$snt*
ing thc trorvtfujds6;l-y ralc undcr ecological conditions.
Fur vtrious reason, rye alrr,ays ,**urir* ri * ,i o +- ru
expr€ss nstural and r.egrrlar evolution of the population"
Orhr'ru'ise once I > 4. thc popularion *uniu,i*-*,U
shorr randornnc,ss anil unprcclictabiliry rvhich is rcnrrcd
as 'cliaos'.

2A9

as follows: any gcilarillioll

l', * rPu,l\ = tr.fr, ,.1. Pu. Pr * rP, * r,4. ...... p = rp.._, : 1*f.

'#fl:1,,:,1.,:1 
rhe urtimate fare of the pnpulorion ,.0_ro, <rlthe growlh rirtc r.:

l. lf r > l. then r.,

2. .If r.( l, rhen r.,,

l, Ifr =, l, lhen r"

:;,,.-.Io*e"er, this sirnplc ptpularion ntrrlrl is highll, unrcalisric

;ai the rcal-life population bclrar,u in a nrrrrh aror.e cornllicatcd
'panncr.

AIso rve nt:re rhat rhe liacdon (I_4,) in ilte unr*alistic
lnodcl for ,'cxpressr-s sonlc rL.&sonabre grorvtrt cr tlccit,i,. Thesei:tirrd rrrodel inrplics rhe ircrarivc L"d;" ;,;;. ,,,.;"0"ican bc rr riucn in fi.rnoional tirn" o*.l.iri =r;ir._ ;;.';il, ;a n*nJinear model md ir hax iarge upptir:.tr;on ,,; ,";;;;llrnches ul' soienc*" enorgy. medicine" sacial sciences.econcnrics e{c in rlrery area of krtorvledge-
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